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Abstract: We give the general form of supersymmetric backgrounds with two real super-
charges of M-theory and type IIA supergravity (with non-zero Romans mass in general)
of the form R1,d ×M8, d = 1, 2, on eight-dimensional manifolds with SU(4) structure.
We point out a subtlety in the integrability theorems for low-dimensional supersymmet-
ric compactifications. As a special case we examine Calabi-Yau flux vacua and we show
that unbroken supersymmetry does not in general require the four-form flux to be (2,2) or
primitive. Our results could be used to construct novel higher-dimensional analogues of the
Klebanov-Strassler geometry. In the case of M-theory large-volume Calabi-Yau flux vacua
our results are in agreement with partial supersymmetry breaking in three-dimensional
N = 2 supergravity. Alternatively, the conditions for supersymmetry can be expressed in
terms of a real ‘superpotential’ in accordance with three-dimensional N = 1 supergravity.
We present explicit examples of M-theory flux vacua on K3×K3, which however do not
appear to possess F-theory duals with four-dimensional Poincare´ invariance.
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1 Introduction
Supersymmetric compactifications of M-/string theory on eight-dimensional manifoldsM8
with four real supercharges [1–4] lie at the intersection of several interesting ideas: M-
theory (and the IIA string theory related to it by circle reduction) on elliptically fibered
Calabi-Yau fourfolds has a dual F-theoretic formulation whereby three-dimensional N = 2
vacua of M theory correspond to four-dimensional N = 1 vacua of F-theory [5]. Since
such backgrounds are typically warped, they can be related to Randall-Sundrum [6, 7] and
Klebanov-Strassler [8, 9] type scenarios; they can lead to hierarchies of scales [10] and the
stabilization of (some of) the geometric moduli, see e.g. [11] for a review.
Compactifications of M-theory or IIA string theory on eight-manifolds with two real su-
percharges are relatively less well-explored. Three-dimensional N = 1 compactifications of
M-theory on Spin(7)-holonomy manifolds are believed to be dual to non-supersymmetric
four-dimensional F-theory compactifications [5] and could clearly be of interest for phe-
nomenology. A concrete proposal of this scenario has recently appeared in [12].
At lowest order in the large-volume expansion, the eight-dimensional vacuum manifold
M8 is constrained to be Ricci-flat [13]. For M8 a Calabi-Yau fourfold, the low-energy
effective theory obtained from the Kaluza-Klein reduction of M-theory on M8 is given by
a three-dimensional N = 2 supergravity [2, 14]. Similarly for M8 a Spin(7)-holonomy
manifold, the low-energy effective theory is a three-dimensional N = 1 supergravity [15].
Analogous results hold for the Kaluza-Klein reduction of IIA string theory onM8 [16, 17].
On the other hand, M-theory or IIA string theory on M8’s which are not Ricci-flat can
be thought of as arising from the backreaction of branes wrapping internal cycles of the
compactification manifold [18].
Various aspects of N = 1 compactifications of M-theory on Spin(7)-holonomy manifolds
have been considered in [19–21]. More generally, the constraints of N = 1 supersymmetry
on the local geometry of M8 have been formulated in terms of G2 structures in [18] and
Spin(7) structures in [22]. However supersymmetry does not in general imply the reduction
of the structure group of M8; rather it implies the reduction of the structure group to
Spin(7) of an auxiliary nine-manifoldM8×S1 [22]. This point has been further developed
in [23].
In the present paper we focus on backgrounds of M-theory and (massive) IIA supergravity
with two real supercharges of the form R1,d ×M8, d = 1, 2, where M8 is a manifold with
SU(4) structure. Furthermore we impose a strict SU(4) ansatz for the Killing spinors. The
reformulation of supersymmetry in terms of a strict SU(4) structure and the associated
torsion classes had never been explicitly given before for this class of backgrounds1. In
the absence of backreacting branes wrapping internal cycles, the vacuum manifold M8 is
constrained to be a Calabi-Yau fourfold. We analyze explicitly this special case and we
discover new possibilities for the fluxes which go beyond the results of [1, 3]. In particular for
1The conditions for N = 1 M-theory backgrounds we consider here are special cases of those in [22] since
SU(4) is a subgroup of Spin(7).
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M-theory compactifications on Calabi-Yau fourfolds, it is sometimes stated in the literature
that unbroken supersymmetry requires the four-form flux to be (2,2) and primitive. This is
not true in general: as we will show, a certain combination of non-primitive (2,2) flux and
(4,0) flux (and its complex conjugate) can preserve two! real supercharges (N = 1 in three
dimensions). These results are in accordance with the findings of [24]: these authors have
shown the existence of spontaneously broken N = 1 vacua of three-dimensional N = 2
gauged supergravity which would uplift precisely to the supersymmetric Calabi-Yau flux
vacua with two real supercharges considered here. Furthermore, in the case of manifolds
with holonomy a proper subgroup of SU(4), a non-primitive (3,1) flux (and its complex
conjugate) is also allowed.
The outline of the remainder of this paper is as follows: in section 2 we start by considering
type IIA vacua on manifolds M8 with SU(4) structure. We specialize to the case of
strict SU(4) structure and give the general form of the solution to the Killing spinor
equations with two-dimensional N = (1, 1) supersymmetry (two real supercharges) in
section 2.1. In section 2.2 we point out a subtlety concerning the integrability theorems
for low-dimensional supersymmetric compactifications.
In section 2.3 we turn to the special case where M8 is a Calabi-Yau fourfold. Using the
integrability theorem of section 2.2 we derive the necessary and sufficient conditions for an
N = (1, 1) background to satisfy all the equations of motion of IIA supergravity. These
results (and their uplift to M-theory) could serve as starting point for constructing novel
higher-dimensional backgrounds of Klebanov-Strassler type.
In section 3 we consider M-theory vacua on manifolds with SU(4) structure with three-
dimensional N = 1 supersymmetry (two real supercharges). The solution to the Killing
spinor equations is obtained both by uplifting the IIA results of section 2.1 (after taking
the limit of zero Romans mass) and by direct computation in eleven dimensions.
We specialize to the case of supersymmetric Calabi-Yau flux vacua in section 3.1 and
compare with the known results concerning large-volume vacua [13]. We reformulate the
supersymmetry conditions in this case in terms of two superpotentials, recovering the
three-dimensional N = 2 supergravity vacua with partially broken N = 1 supersymmetry
of [24]. Furthermore we show that these vacua can also be described as N = 1 solutions of
three-dimensional N = 1 supergravity, in terms of one real ‘superpotential’.
In section 3.2 we specialize to N = 1, M-theory vacua for M8 a K3×K3 manifold. As we
show in section 3.2.1 in this case supersymmetry can be enhanced to N = 2 or N = 4. We
give three explicit examples in section 3.2.2 with N = 1, 2, 4 supersymmetry. We conclude
in section 4 with some open questions. Several useful technical results are included in the
appendices.
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2 Supersymmetric IIA backgrounds with SU(4) structure
We will consider ten-dimensional type IIA backgrounds which are topologically direct prod-
ucts of the formM2×M8. The ‘internal’ manifoldM8 is assumed to be Riemannian and
spin; it need not be compact. We will take the ‘external’ manifold M2 to be either R1,1
or AdS2; however, as we will see in the following, our supersymmetric ansatz excludes the
case of AdS2, so that M2 = R1,1. The ten-dimensional metric reads:
ds2 = e2Ads2(M2) + ds2(M8) , (2.1)
where the warp factor A is taken to depend only on the coordinates of the internal manifold
M8. The most general ansatz for the RR fluxes respecting the two-dimensional Poincare´
symmetry of our setup are of the form:2
F tot = vol2 ∧ F el + F , (2.2)
where vol2 is the unwarped volume element of M2, and we are using polyform notation.
We denote by F the ‘magnetic’ RR fluxes with indices along the internal space M8. The
ten-dimensional Hodge duality relates F to the ‘electric’ RR fluxes via:
F el = e2A ?8 σ(F ) , (2.3)
where the Hodge star above is with respect to the internal metric, and the involution σ
acts by inverting the order of the form indices.
We will consider backgrounds which are such that M8 admits a reduction of its structure
group to SU(4). As explained in appendix B, this is equivalent to the existence on M8 of
a nowhere-vanishing pure spinor η, which we can take to be of unit norm and of positive
chirality without loss of generality. The reduction of the structure group to SU(4) is
also equivalent to the existence on M8 of an almost complex structure (which implies the
reduction the structure group to U(4)) for which in addition c1 = 0, where cn denotes the
n-th Chern class of the +i-eigenbundle of the almost complex structure.
On the other hand, the topological obstruction to the existence of a nowhere-vanishing
Majorana-Weyl spinor on M8 is known [27, 28]: it is equivalent to the condition that the
Euler characteristic of M8 is given by
χ(M8) = 1
2
∫
M8
(p2 − 1
4
p21) , (2.4)
where p1,2 are the first and second Pontrjagin forms. These are also given by p1 = c
2
1−2c2,
p2 = c
2
2 + 2c4 − 2c1c3, see e.g. [29], so that for c1 = 0 (2.4) becomes an identity. Hence
2We follow the ‘democratic’ supergravity conventions of [26], see appendix A therein, except for the
ten-dimensional Hodge star operator ∗10 which we define as
?10ωp =
1
p!(10− p)!
√−g M1...M10ωM11−p...M10dxM1 ∧ . . . ∧ dxM10−p ,
with 01...9 = 1.
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the existence on M8 of an almost complex structure with vanishing first Chern class is
consistent with (2.4), as it should.
We will further specialize to a supersymmetric ansatz with strict SU(4) structure. This
means that the internal part of the Killing spinor of IIA supergravity should be a linear
combination with scalar coefficients of η and its complex conjugate. Finally we demand that
the ten-dimensional backgrounds allow for kappa-symmetric branes. This condition can be
expressed as the equality of the norms of the positive- and negative-chirality projections of
the IIA Killing spinor.
Let us examine the most general spinor decompositions satisfying the conditions of the
previous paragraph. The IIA Killing spinor decomposes into two Majorana-Weyl spinors
of Spin(1, 9) 1, 2 of positive, negative chirality respectively. The background possesses
N = (p, q) supersymmetry if the spinor ansatz is parameterized by p, q linearly independent
Majorana-Weyl spinors ζi+, ζj−, i = 1, . . . , p, j = 1, . . . , q, of M2 of positive, negative
chirality repsectively. Since a Majorana-Weyl spinor of Spin(1, 1) has one real degree of
freedom, N = (p, q) corresponds to p+q real supercharges. The maximal supersymmetry
permitted by our ansatz corresponds to four real supercharges;3 furthermore the condition
for kappa-symmetric branes excludes the cases N = (p, 0) and N = (0, q). The maximally-
supersymmetric case N = (2, 2) has been analyzed in [3] and is reviewed in appendix C in
order to make contact with our notation/conventions. N = (1, 1) (two real supercharges)
is the case of interest for the purposes of our paper; it is analyzed in section 2.1. N = (1, 0)
is the case of minimal supersymmetry; although it is excluded by the condition for kappa-
symmetric branes, for completeness we have analyzed it in appendix D.
2.1 N = (1, 1)
This is the case of interest for the purposes of our paper. As follows from the discussion
in section 2, we can always choose the phase of η so that the Killing spinor ansatz reads:
1 =
α√
2
ζ+ ⊗ (η + ηc) , 2 = α√
2
ζ− ⊗ (eiθη + e−iθηc) , (2.5)
where α, θ are real functions on M8. The ζ+, ζ− are Majorana-Weyl spinors of positive,
negative chirality respectively, so that ψ ≡ ζ+ + ζ− is a Majorana Killing spinor of M2:
∇µψ = Wγµψ . (2.6)
The real constant W is related to the scalar curvature R of M2 through
R = −8W 2 , (2.7)
henceM2 must be of constant negative scalar scurvature. The Minkowski spaceM2 = R1,1
is recovered in the W → 0 limit; in this case both ζ± are separately Majorana-Weyl Killing
spinors of R1,1.
3More than four real supercharges may be possible in the case where the structure group reduces to a
strict subgroup of SU(4). This will be further discussed in section 3.2.
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In our conventions the type IIA Killing spinor equations are given by:
δλ1 =
(
∂φ+
1
2
H
)
1 − 1
16
eφΓMF totΓM 2 = 0
δλ2 =
(
∂φ− 1
2
H
)
2 − 1
16
eφΓMσ(F tot)ΓM 1 = 0
δψ1M =
(
∇M + 1
4
HM
)
1 − 1
16
eφF totΓM 2 = 0
δψ2M =
(
∇M − 1
4
HM
)
2 − 1
16
eφσ(F tot)ΓM 1 = 0 ,
(2.8)
where for any (p+ q)-form S we define:
SM1...Mq ≡
1
p!
ΓN1...NpSN1...NpM1...Mq . (2.9)
We then decompose all fluxes into su(4) modules using (2.2) and the formulæ of section B.2.
We also decompose all gamma matrices as in appendix A and we use the ten-dimensional
Killing spinor ansatz (2.5). We thus obtain the following set of equations:
W = 0
2dA+ h1 = 0(
2dφ+ h1 + h3
)
(η + ηc) = 0(
2dφ+ h1 − h3
) (
eiθη + e−iθηc
)
= 0(
∇m + ∂m logα+ 1
4
h1|m +
1
4
h3|m
)
(η + ηc) = 0(
∇m + ∂m logα+ 1
4
h1|m −
1
4
h3|m
)(
eiθη + e−iθηc
)
= 0 ,
(2.10)
and
σ(F ) (η + ηc) = 0
σ(F )γm (η + η
c) = 0
F
(
eiθη + e−iθηc
)
= 0
Fγm
(
eiθη + e−iθηc
)
= 0 .
(2.11)
Note that the RR and NSNS equations have completely decoupled. From the first line of
(2.10) it immediately follows that the external manifold is constrained to be Minkowski:
M2 = R1,1. Finally using (B.10) the Killing spinor equations above reduce to the following
set of algebraic relations:
W = 0
α = e
1
2
A
h1 = −2dA ,
(2.12)
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with A unconstrained4, while the magnetic fluxes obey a (twisted) self-duality condition:
F = ?8σ(F ) . (2.13)
More explicitly we have: F4 = ?8F4, F6 = −?8F2, F8 = ?8F0, so in particular the four-flux
is self-dual. In addition, the RR-fluxes obey the following relations:
f4 =
1
6
f0 +
4
3
e−iθ cos θf˜4
f2 = 2e
−iθ sin θf˜4
sin θf
(2,0)
2|mn = − cos θf
(2,0)
4|mn −
1
8
eiθΩ pqmn f
(0,2)
4|pq
sin θf
(2,0)
4|mn = cos θf
(2,0)
2|mn −
1
8
eiθΩ pqmn f
(0,2)
2|pq ,
(2.14)
where f0, f2, f4 are real scalars while f˜4 is complex. Note that the last two equations
are equivalent for e2iθ 6= 1, whereas for e2iθ = 1 they become independent pseudoreality
conditions, cf. (B.14). For the remaining NS fields, we distinguish between three cases.
• e2iθ = 1:
eφ = gse
A
h
(1,0)
3 = h˜
(1,0)
3 = 0
h
(2,1)
3 = 0
W1 = −3i
4
W4
W3 =
1
2
W2
W5 =
3
2
W4 ,
(2.15)
with gs a non-zero integration constant, A, W
(1,0)
4 , W
(2,1)
2 unconstrained.
• e2iθ = −1:
h
(1,0)
3 = 0
h˜
(1,0)
3 =
1
4
∂+(A− φ)
W1 = 0
W2 = −2ih(2,1)3
W3 = 0
W4 = ∂
+(φ−A)
W5 =
3
2
∂+(φ−A) ,
(2.16)
4Integrating the relation d(logα− 1
2
A) = 0, we have absorbed without loss of generality the integration
constant in the definition of α.
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with A, φ, h
(2,1)
3 unconstrained; for any scalar S, ∂
±S denotes the projection of the exterior
derivative dS onto its (1,0), (0,1) parts.
• e2iθ 6= ±1:
eφ = gse
A cos θ
h
(1,0)
3 =
2
3
∂+θ
h˜
(1,0)
3 =
1
4
(i+ tan θ)∂+θ
W
(1,0)
1 =
1
4
(1 + i cot θ)∂+θ
W
(2,1)
2 = 2(−i+ cot θ)h(2,1)3
W
(2,1)
3 = cot θ h
(2,1)
3
W
(1,0)
4 = −(tan θ +
1
3
cot θ)∂+θ
W
(1,0)
5 = (i−
1
2
cot θ − 3
2
tan θ)∂+θ ,
(2.17)
with gs a non-zero integration constant, A, θ, h
(2,1)
3 unconstrained.
2.2 Integrability for low-dimensional compactifications
For bosonic type II supergravity backgrounds it is well-known that under certain mild
assumptions the supersymmetry of the background together with the (generalized) Bianchi
identities for all fields guarantees that the equations of motion of all NSNS fields (i.e.
all remaining equations of motion) are automatically satisfied [26, 30–33]. However, for
backgrounds of the form R1,d−1 ×M10−d with d ≤ 2 the assumptions of this integrability
theorem are violated, in general. Since this subtlety may not be widely known, it will be
useful to clarify this point here following the demonstration in [26], specializing to the case
without sources.
Consider an arbitrary supersymmetric, bosonic type IIA/B supergravity background. Let
us define the following tensors:
EMN ≡ RMN + 2∇M∇Nφ− 1
2
HM ·HN − 1
4
e2φF totM · F totN
δH ≡ e2φ ∗10
[
d(e−2φ ∗10 H)− 1
2
(∗10F tot ∧ F tot)8
]
D ≡ 2R−H2 + 8 (∇2φ− (∂φ)2) , (2.18)
so that the system
EMN = 0 ; δHMN = 0 ; D = 0 , (2.19)
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is equivalent to the equations of motion for the metric, the NSNS three-form and the
dilaton. Let us furthermore assume that the (generalized) Bianchi identities5 for all fields,
dH = 0 ; dHF
tot = 0 , (2.20)
are satisfied in the background. A lengthy but straightforward calculation then shows that
the supersymmetry of the background implies (cf. (11.4) of [26]):
E+NPΓP 1 = 0 ; E−NPΓP 2 = 0 ; D = 0 , (2.21)
where 1, 2 are the Spin(1, 9) Majorana-Weyl Killing spinors of the background, and we
have defined,
E±NP ≡ −2ENP ± δHNP . (2.22)
Let us multiply the first, the second equation of (2.21) on the left by E+NKΓK , E−NKΓK
respectively. Expanding the gamma-matrix product ΓKΓP we obtain:
9∑
P=0
E±NPE±NP = 0 , no sum over N . (2.23)
Let us assume in addition that E±NP = 0, for P = 0, N 6= 0. This assumtion is equivalent
to ENP = 0, δHNP = 0, for P = 0, N 6= 0; since E+NP = E−PN , it is also equivalent to
E±NP = 0, for P 6= 0, N = 0. Eq.(2.23) then implies
9∑
P=1
E±NPE±NP = 0 , N 6= 0 . (2.24)
Since for fixed N the equation above can be thought of as the vanishing of the Euclidean
norm of a vector, it follows that E±NP = 0, for N 6= 0 and for all P (remember that E±N0 = 0,
for N 6= 0 by assumption), and hence also E±NP = 0, for P 6= 0 and for all N . Taking the
latter equation into account and setting N = 0 in (2.23) we thus obtain E±00 = 0.
The upshot of the analysis of the previous paragraph is that under the assumption of the
vanishing of the mixed time-space components: ENP = 0, δHNP = 0, for P = 0, N 6= 0,
supersymmetry together with the (generalized) Bianchi identities for all fields imply that
all remaining equations of motion (i.e. those for the metric, the dilaton and the NSNS
three-form) are automatically satisfied.
For backgrounds which are topologically of the form R1,d−1×M10−d or AdSd×M10−d with
d > 2, provided that all fields (including the warp factor) only depend on the coordinates
of the internal manifold M10−d the assumptions of the integrability theorem above can
be seen to be satisfied. For d = 2 however it is possible for δHNP to have non-vanishing
mixed time-space components without violating two-dimensional Lorentz invariance – since
5We work in the democratic formalism of type II supergravity. This means in particular that the
generalized Bianchi identities for the RR fields, dHF
tot = 0, are equivalent in the ‘ordinary’ formulation of
type II supergravity to both Bianchi identities and equations of motion for the RR fields.
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in this case δH can be proportional to the volume element of R1,1 or AdS2. For d = 1 both
ENP and δHNP can have non-vanishing mixed time-space components.
We conclude that for low-dimensional compactifications d = 1, 2 the assumptions of the in-
tegrability theorem above are not, in general, automatically satisfied. For the backgrounds
we are considering in this paper, the additional condition that needs to be imposed, be-
sides supersymmetry and the (generalized) Bianchi identities for the fluxes, turns out to
be a second-order differential equation for the warp factor A, cf. (2.29), (3.11) below. All
remaining equations of motion are then guaranteed to be automatically satisfied.
2.3 N = (1, 1) Calabi-Yau compactifications
Let us now examine the special case where M8 is Calabi-Yau. From the point of view
of G-strctures, the natural definition of a Calabi-Yau manifold is a manifold with SU(n)-
structure such that all torsion classes vanish: in our case we thus consider fourfolds with
SU(4)-structure satisfying Wi = 0, i = 1, . . . , 5. Note that this means that the holonomy
group is allowed to be a proper subgroup of SU(4). As a consequence we do not necessarilly
have dimH2,0(M8) = 0, as would be the case if the holonomy where exactly SU(4) [34].
Applying the results of section 2.1, we have the following supersymmetric N = (1, 1) IIA
background. The ten-dimensional metric is given by
ds2 = e2Ads2(R1,1) + ds2(M8) , (2.25)
withM8 a Calabi-Yau fourfold. The vanishing of the torsion classes means that all branches
of the solution of section 2.1 can be parameterized as follows: the dilaton and the NSNS
three-form H are given by
eφ = gse
A ; H = −vol2 ∧ de2A , (2.26)
where gs is a constant and vol2 is the unwarped volume element of R1,1, while the magnetic
RR forms are given by
F0 = f0 ; F2 = f2J + f
(1,1)
2 +
(
f
(2,0)
2 + c.c.
)
F4 = ?8F4 = f
(2,2)
4 + f4J ∧ J +
(
f˜4Ω + f
(2,0)
4 ∧ J + c.c
)
F6 = − ?8 F2 ; F8 = ?8F0 ,
(2.27)
where J and Ω are the Ka¨hler form and holomorphic four-form of the Calabi-Yau fourfold
respectively; f0, f2, f4 are real scalars while f˜4 is complex, f
(2,0)
2 , f
(2,0)
4 are (2,0) two-forms,
f
(1,1)
2 is a primitive (1,1) two-form and f
(2,2)
4 is a primitive (2,2) four-form. Moreover the
RR fluxes obey the constraint (2.14) with θ now constrained to be constant.
For this background, the Bianchi identity (2.20) for H is automatically satisfied, while the
(generalized) Bianchi identites for the RR fields dHF
tot = 0 reduce to the condition that
the magnetic RR flux F should be closed and co-closed,
dF = d ?8 F = 0 . (2.28)
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More explictily this means that f0, f2, f4, f˜4 are constant while f
(1,1)
2 , f
(2,0)
2 , f
(2,0)
4 , f
(2,2)
4
are harmonic.6 In addition, according to the integrability theorem, we must impose the
vanishing of the mixed time-space components of δHMN . Substituting the profiles of H,
F given above, this condition can be seen to be equivalent to:
− d ?8 de−2A + g
2
s
2
F ∧ σ(F )|8 = 0 . (2.29)
The integrability theorem guarantees then that all remaining equations of motion are
automatically satisfied. The equation above can be generalized to include a number of
spacetime-filling fundamental strings.
Note that the integral over M8 of the second term on the left-hand side of (2.29) is non-
negative,
1
2
∫
M8
F ∧ σ(F ) =
∫
M8
(
F0 ∧ ?F0 + F2 ∧ ?F2 + 1
2
F4 ∧ ?F4
)
≥ 0 , (2.30)
thanks to the twisted self-duality of the magnetic flux, cf. (2.27). AssumingM8 is smooth
and compact, integrating (2.29) over M8 thus implies that all flux should vanish and the
warp factor A must be constant. This is of course a special case of the no-go theorem of
[36]. The no-go theorem can be evaded by takingM8 non-compact or singular. It can also
be evaded by including higher-order corrections – we will discuss such corrections in more
detail in section 3.
3 Supersymmetric M-theory backgrounds with SU(4) structure
By setting to zero the Romans’ mass,
f0 = 0 , (3.1)
the 2d, N = (1, 1) solution of section 2.1 can be uplifted to a 3d, N = 1 (two real
supercharges) solution of eleven-dimensional supergravity on eight-manifolds with SU(4)
structure. As can be deduced from appendix E, in order for the ten-dimensional metric
(2.1) to uplift to a warped product of the form R1,2 × M8 we must set φ = A + φ0,
where φ0 is a constant which may be set to zero without loss of generality by rescaling
the coordinates. In addition we must have C1 = 0, where C1 is the potential for the RR
two-form F2 = dC1. This requires setting
f
(1,1)
2|mn = f
(2,0)
2|mn = 0 ; f2 = 0 , (3.2)
in the solution of section 2.1. We may also choose the branch of the solution with e2iθ = 1,
as the other branches turn out to be subcases thereof. We thus obtain the following
expressions for the eleven-dimensional metric,
ds2 = e
4A
3 ds2(R1,2) + e−
2A
3 ds2(M8) , (3.3)
6A closed and co-closed form is necessarily harmonic. Conversely on a smooth, compact Riemannian
manifold harmonic forms are closed and co-closed
– 11 –
and the eleven-dimensional four-form,
G = vol3 ∧ d(e2A) + f4
(
J ∧ J + 3
2
ReΩ
)
+ (f
(2,0)
4 −
1
4
f
(2,0)
4 yΩ∗) ∧ J + f (2,2)4 , (3.4)
where vol3 is the unwarped volume element of R1,2, f4 is an unconstrained real scalar, and
f
(2,2)
4 is the (2,2) primitive part of the four-form flux; our conventions for the contraction
of forms are given in footnote 17. We have also taken into account that the (2,0)-form
f
(2,0)
4 obeys the pseudoreality condition
f
(2,0)∗
4 = −
1
4
f
(2,0)
4 yΩ∗ , (3.5)
as follows from (2.14). The internal part of the four-form is self-dual, as follows from (B.16),
(B.17). However, in contrast to the N = 2 solutions of [1], it need not be primitive nor does
its (4,0) part need to vanish. Rather we see that a certain combination of non-primitive
flux and (4,0) flux (the component in (3.4) which is proportional to f4) can preserve N = 1
supersymmetry. Additionally, there is a non-primitve (3, 1) term. Moreover, the torsion
classes of M8 are given by:
W3 =
1
2
W2 ; W4 =
4i
3
W1 ; W5 = 2iW1 , (3.6)
with W1, W2 unconstrained. Again we see that in contrast to [1] the torsion classes need
not vanish; i.e. the internal manifold need not be a Calabi-Yau fourfold.
The previous analysis can be verified directly in eleven dimensions: Let us make the fol-
lowing ansatz for the eleven-dimensional metric and four-form:
ds2 = e
4A
3
(
ds2(R1,2) + d˜s
2
(M8)
)
G = F + e2Avol3 ∧ f ,
(3.7)
where the metric g˜mn on M8 above is related to the metric gmn in (3.3) through a Weyl
rescaling:
g˜mn = e
−2Agmn . (3.8)
Let us furthermore express the Killing spinor  of eleven-dimensional supergravity as
 = e−
A
3 ζ ⊗ (η + ηc) , (3.9)
where ζ is a Majorana spinor of Spin(1, 2). The Killing spinor above parametrizes a 3d,
N = 1 supersymmetry ansatz, i.e. two real supercharges – as many as the independent
components of ζ. In the conventions of [18, 22] it then follows that the supersymmetry
equations are equivalent to the following set of conditions:7
∇mη + c.c. = 0
2∂mA− fm = 0
Fmpqrγ
pqrη + c.c. = 0 ,
(3.10)
7We have set the warp factor ∆ of [18, 22] equal to 2A/3 here. Equations (3.10) are obtained from
(3.5)-(3.8) of [22] by setting ξ+ = η + ηc, m = ξ− = 0 therein together with ∇˜ξ+ = ∇mξ+ − 12γmn∂nA
which follows from (3.8); ∇˜ is the covariant derivative with respect to the Christoffel connection of g˜mn.
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where ∇m is the covariant derivative with respect to the Christoffel connection of gmn.
Using (B.10), (B.29), (B.32), the system above can be seen to be equivalent to (3.4), (3.6),
with the eleven-dimensional metric given by (3.3).
In addition to the supersymmetry equations we have the following Bianchi identities and
equations of motion:
0 = dF = d ?8 F
0 = −d ?8 de−2A + 1
2
F ∧ F ,
(3.11)
where we have taken into account the self-duality of F and the relation f = 2dA, following
from the supersymmetry equations (3.10). As can be seen e.g. by uplifting the integrability
theorem of section 2.2, cf. (2.29), or directly in eleven dimensions [35], the supersymmetry
equations (3.10) together with (3.11) imply all remaining equations of motion.
Note that imposing instead a 3d N = 2 supersymmetry ansatz of the form
 = e−
A
3 (ζ ⊗ η + c.c.) , (3.12)
where now ζ is a complexified spinor of Spin(1, 2), results in the stronger system
∇mη = 0
2∂mA− fm = 0
Fmpqrγ
pqrη = 0 ,
(3.13)
which implies that M8 is a Calabi-Yau fourfold (all torsion classes vanish) and the four-
form flux is given by
G = vol3 ∧ d(e2A) + f (2,2)4 . (3.14)
In particular the internal part of the flux is (2,2) and primitive. We thus recover the case
analyzed in [1].
In the absence of negative-tension sources or higher-order derivative corrections, provided
M8 is a smooth compact manifold, the N = 1 backgrounds of the form R1,2 ×M8 we
have been considering run into the no-go theorem of [36]: the equations of motion of the
fields imply that all flux vanishes and M8 is Ricci-flat. This conclusion can be avoided by
including higher-order derivative corrections to the equations of motion. More specifically,
as was first noted in [1], the equation of motion for the warp factor, i.e. the second line in
(3.11), receives a higher-order correction related to the fivebrane anomaly [37]:8
−d ?8 de−2A + 1
2
F ∧ F + (2pi)2
NM2∑
i=1
δ(8)(y − yi)vol8 = (2pi)2X8 , (3.15)
where X8 can be expressed in terms of the first and second Pontrjagin forms p1, p2:
X8 =
1
48
(p2 − 1
4
p21) , (3.16)
8In our units the M2 brane tension TM2 =
2pi
l3
P
is set to one, with lP the eleven-dimensional Planck length.
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and on the left-hand side of (3.15) we have added NM2 sources of M2 branes which are
localized at the points yi ∈ M8, i = 1, . . . , NM2, and are extended along R1,2; vol8 is the
unwarped volume element of M8. The integrated version of equation (3.15) thus provides
a topological constraint [38, 39],
1
8pi2
∫
M8
F ∧ F +NM2 = χ(M8)
24
, (3.17)
where χ(M8) is the Euler characteristic ofM8, cf. (2.4). This constraint is the integrability
condition for the existence of a solution to the differential equation (3.15).
There are other corrections at the same order in the derivative expansion of eleven-
dimensional supergravity, notably corrections to the supersymmetry variations, which
should also be taken into account, see e.g. [40–42]. In general it is inconsistent to consider
only the correction (3.15) above without at the same time modifying the supersymmetry
variations. However it can be argued, see e.g. [43], that in the large-volume approxima-
tion it is consistent to take only the above correction into account. We will consider the
large-volume approximation in more detail in section 3.1.
3.1 N = 1 Calabi-Yau compactifications
Similarly to what we did for IIA in section 2.3, we will now specialize to the case where
M8 is Calabi-Yau. Minimally supersymmetric Calabi-Yau compactifications are obtained
from the results of the previous section by setting to zero all the torsion classes in (3.6).
We will restrict ourselves to the case where the holonomy ofM8 is exactly SU(4) and not
a proper subgroup thereof. Let us collect the results here for the convenience of the reader.
The metric is of the form of a warped product,
ds2 = e
4
3
Ads2(R1,2) + e−
2
3
Ads2(M8) , (3.18)
where now M8 is a Calabi-Yau fourfold. The four-flux is given by
G = vol3 ∧ d(e2A) + F ; F = f4
(
J ∧ J + 3
2
ReΩ
)
+ f
(2,2)
4 . (3.19)
Its internal part F is constrained to be harmonic,
dF = d ?8 F = 0 , (3.20)
hence f4 is a (real) constant, while f
(2,2)
4 is harmonic. Note that, in comparison with (3.4),
f
(2,0)
4 has been set to zero. This is a consequence of the fact that for M8 a manifold of
strict SU(4) holonomy there are no non-trivial harmonic (2,0) two-forms [34]. The warp
factor satisfies the differential equation
−d ?8 de−2A + 1
2
F ∧ F + (2pi)2
NM2∑
i=1
δ(8)(y − yi)vol8 = (2pi)2X8 . (3.21)
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The existence requirement for a solution to the equation above is given by the topological
constraint:
1
8pi2
∫
M8
F ∧ F +NM2 = χ(M8)
24
. (3.22)
All remaining equations of motion are automatically satisfied.
Furthermore in the quantum theory the four-form flux F is also subject to the quantization
condition [45]:
[F ]
2pi
− p1
4
∈ H4(M8,Z) , (3.23)
where [F ] is the cohomology class of F . For future use, let us also mention that for S a
K3 surface,
−
∫
S
p1
2
=
∫
S
c2 = χ(S) = 24 , (3.24)
where in the first equality we have used that p1 = c
2
1−2c2 and that c1 = 0 for a K3 surface.
Specializing to the case M8 = S × S˜ with S, S˜ K3 surfaces, the quantization condition
(3.23) can therefore be written equivalently as:
1
2pi
∫
C4
F ∈ Z , (3.25)
for any homology cycle C4 such that {C4} forms a basis of H4(S × S˜,R) dual to the basis
of H4(S × S˜,Z); in the case at hand we may take C4 in (3.25) to be any element of the
integral homology lattice H4(S × S˜,Z).
Let us now compare the general solution above with the large-volume approximation for
M8 [44]. In the present context the analysis has been carried out in [13], specializing to the
case without M2 branes NM2 = 0,
9 and takes into account certain higher-order corrections
to eleven-dimensional supergravity at eighth order in derivatives. The large-volume limit
consists in expanding
gmn = t
2g(0)mn + g
(2)
mn + . . . , (3.26)
where t → ∞ is the radius10 of M8 and similarly for the other supergravity fields, and
analyzing the equations of motion at each order in t. To leading order in t the result of
this analysis is that [13]:
• The internal manifold M8 is Ricci-flat.
• The warp factor A is constant.
9The large-volume analysis of [13] can be generalized to include a non-zero number of localized M2
branes. In that case the warp factor is no longer constant at lowest order, but rather satisfies (3.21) with
NM2 6= 0. Correspondingly at lowest order the metric is a warped product and the four-form flux is not
purely internal, in accordance with (3.18), (3.19).
10It is perhaps more accurate to say that we are considering the limit t >> lP , where lP is the Planck
length and t8 = vol(M8).
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• The four-form flux is is purely internal; it is closed, self-dual (hence harmonic) and
satisfies (3.22) with NM2 = 0.
Note that this is for arbitrary vacua, supersymmetric or not. Comparison with our general
analysis of supersymmetric Calabi-Yau vacua leads to the conclusion that the first condi-
tion together with the self-duality and harmonicity of the internal part F of the four-flux
are automatically satisfied, whereas the remaining conditions are additional constraints
imposed by the large-volume limit and the assumption of absence of M2 branes.
3.1.1 Superpotentials
The conditions for N = 1 supersymmetry of the vacua of section 3.1 are equivalent to
those of [24], where the conditions for a partial N = 1 supersymmetry breaking in three-
dimensional N = 2 gauged supergravity were derived for the first time.11 Our presentation
has been slightly different from that of [24]. Recall that in deriving the general form of
the four-form flux (3.19) we have “gauge-fixed” the covariantly constant spinor η of the
Calabi-Yau fourfold by absorbing a phase in the definition of η so that α in (2.5) is real.
Reinstating an arbitrary constant phase η → e i2ϑη results in Ω → eiϑΩ, as follows from
(B.3), hence the expression for the internal part of the flux (3.19) becomes:
F = f
(2,2)
4 + f4J ∧ J +
(
f˜4Ω + c.c.
)
, (3.27)
where we have set f˜4 ≡ 34f4eiϑ, so that |f˜4| = 34f4. This is precisely as in [24], cf. section
3.3 therein. In other words, the large-volume vacua of section 3.1 can be thought of as
the uplift to eleven dimensions of partial N = 1 supersymmetry-breaking vacua of three-
dimensional N = 2 gauged supergravity. Since compactification of M-theory on manifolds
of Spin(7) holonomy yields an effective three-dimensional N = 1 supergravity and since
Calabi-Yau fourfolds are special cases of Spin(7) manifolds, we expect that these vacua
can also be thought of as N = 1 vacua of three-dimensional N = 1 supergravity. As we
will see this expectation is borne out by our results.12
Before examining the N = 1 case let us recall the superpotential conditions in the case of
N = 2 compactifications [2, 14] (see also [3, 17] for the case of type IIA compactifications
on Calabi-Yau fourfolds). These conditions can be derived from the two superpotentials
W =
∫
M8
F ∧ Ω, (3.28)
11The analysis of [24] was performed in the NM2 = 0, large-volume limit. The Calabi-Yau vacua of
section 3.1 are more general in that they allow for a nontrivial warp factor and a nonvanishing number of
spacetime-filling M2 branes.
12It is interesting to note the analogy with the four-dimensional N = 2 vacua of type II string theory on
Calabi-Yau threefolds with vanishing Euler characteristic, recently considered in [48]: since these threefolds
admit an SU(2) structure and since compactification of type II supergravity on six-dimensional manifolds
with SU(2) structure results in an effective four-dimensional N = 4 supergravity, these vacua can be
thought of as spontaneously broken N = 2 vacua of N = 4 supergravity. At the same time they can be
thought of as N = 2 vacua of the standard N = 2 supergravity obtained by compactification of type II on
Calabi-Yau threefolds.
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and
Wˆ =
1
2
∫
M8
F ∧ J ∧ J , (3.29)
where Ω and J are the holomorphic four-form and the Ka¨hler form of the Calabi-Yau
manifold M8 respectively. Note that although Wˆ is not a holomorphic function (of the
complexified Ka¨hler moduli) it is usually still called a superpotential in the literature. The
conditions for N = 2 compactifications to three-dimensional Minkowski space are:
W = Wˆ = 0 ; DαW = DAWˆ = 0 , (3.30)
where α = 1, . . . , h1,3 parameterize the (complex) deformation moduli of the complex
structure whereas A = 1, . . . , h1,1 parametrize the (real) deformation moduli of the Ka¨hler
structure. The Ka¨hler-covariant derivatives are defined as:
DαW = ∂αW − (∂αK)W ; DAWˆ = ∂AWˆ − 1
2
(∂AK)Wˆ , (3.31)
where K = KΩ +KJ ,
KΩ = log
∫
M8
1
16
Ω ∧ Ω∗ ; KJ = log
∫
M8
1
4!
J4 , (3.32)
is the Ka¨hler potential of three-dimensional supergravity with four real supercharges. Let
us also decompose the four-form flux in SU(4) modules:
G = f
(2,2)
4 + f
(1,1)
4 ∧ J + f4J ∧ J +
(
f
(3,1)
4 + f
(2,0)
4 ∧ J + f˜4 Ω + c.c.
)
, (3.33)
where we have used exactly the same notation as in (B.16), (B.17) to label the irreducible
representations. With these definitions it follows that
W = 16 f˜∗4 vol(M8) ; Wˆ = 12 f4 vol(M8)
DαW =
∫
M8
(
f
(1,3)
4 + f
(0,2)
4 ∧ J
) ∧ eα ; DAWˆ = ∫
M8
f
(1,1)
4 ∧ J2 ∧ EA ,
(3.34)
where eα is a basis of H
3,1(M8) while EA is a basis of H1,1(M8); in the first line above
we have taken (B.4) into account. The conditions (3.30) can then be seen to be equivalent
in the large-volume limit to the N = 2 supersymmetry conditions for M-theory on eight-
dimensional manifolds found in [1]. Indeed, using (3.34), the first of (3.30) implies f4 =
f˜4 = 0 while the second gives f
(3,1)
4 = f
(2,0)
4 = f
(1,1)
4 = 0. It then follows from (3.33) that
G = f
(2,2)
4 , i.e. the four-form flux is (2,2) and primitive.
It was shown in [21, 25] that the supersymmetry conditions for compactification on Spin(7)-
holonomy manifolds can be expressed in terms of a real superpotential, as expected from
three-dimensional N = 1 supergravity [46, 47]. Since SU(4) holonomy is a special case of
Spin(7) we expect to be able to express the conditions for the N = 1 Calabi-Yau vacua in
terms of a real superpotential. This is indeed possible as follows. First let us reinstate the
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arbitrary constant phase in the definition of Ω, cf. the discussion around (3.27). A short
calculation gives
e
1
2
KΩ∂Rα
(
e−
1
2
KΩ |W |
)
= Re
(
eiθ
∫
M8
(
f
(1,3)
4 + f
(0,2)
4 ∧ J
) ∧ eα)
e
1
2
KJ∂A
(
e−
1
2
KJ Wˆ
)
=
∫
M8
f
(1,1)
4 ∧ J2 ∧ EA ,
(3.35)
where ∂Rα = ∂α + ∂
∗
α and f˜4 = |f˜4|eiϑ. The conditions for N = 1 M-theory compactifica-
tions on Calabi-Yau fourfolds given in section 3.1 can be written as
|W | − Wˆ = 0 ; ∂Rα
(
e−
1
2
KΩ |W |
)
= 0 ; ∂A
(
e−
1
2
KJ Wˆ
)
= 0 . (3.36)
Indeed, using (3.34), (3.35), the first of (3.36) is equivalent to |f˜4| = 3/4f4; the second
gives f
(3,1)
4 = f
(2,0)
4 = 0, while the last one gives f
(1,1)
4 = 0. It then follows from (3.33) that
the four-form flux is as in (3.27). We can now make contact with the formalism of N = 1
vacua of N = 1 supergravity in terms of a real superpotential W by setting:
W = e− 12KΩ |W | − e− 12KJ Wˆ . (3.37)
The N = 1 vacua given in (3.36) can then be equivalently expressed as follows:
∂RαW = ∂AW =W = 0 , (3.38)
where we have taken into account that at any point in the moduli space of metrics KJ and
KΩ are both equal to log vol(M8), cf. (B.4).13 The above conditions are indeed of the form
of [21, 25] for a N = 1 supersymmetric Minkowski vacuum of three-dimensional N = 1
supergravity. Note however that since W = 0 at the vacuum, the real superpotential is
only determined up to a (possibly field-dependent) overall normalization. The latter can
be fixed by different methods, e.g. by dimensional reduction of the M-theory action on
Calabi-Yau fourfolds, as in [12].
Finally, let us note that the superpotential conditions (3.38) leave the volume modulus of
M8 unfixed, as they are invariant under an overall volume rescaling. This is compatible
with the assumption that we can take the large-volume limit t→∞.
13Thanks to Yau’s theorem, a Ricci-flat metric on a Calabi-Yau fourfold Y4 is uniquely determined by
specifying a complex structure and a Ka¨hler class. Moreover complex structure and Ka¨hler deformations
are independent of each other, which implies that at least locally the moduli space M of Ricci flat metrics
on Y4 has a direct-product structure, M = Mc ×Mk, where Mc and Mk are the complex structure and
Ka¨hler moduli spaces repsectively, see e.g. [49] and references therein. A choice of Ω, J thus specifies a
point in Mc, Mk respectively, and hence a point M. Viewing M as a (trivial) fibration of Mc over Mk, over
each point in Mk (specified by some fixed J) we have a fiber isomorphic to Mc – whose points correspond
to different choices of Ω. Furthermore, for any c ∈ C∗, Ω and cΩ correspond to the same complex structure
on Y4, i.e. the same point in Mc. Given the fact that the norm of Ω is constant over Y4, we are thus free
to normalize Ω so that (B.4) holds for the entire fiber Mc over any given point in Mk.
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3.2 N = 1 compactifications on K3×K3
In order to give some simple explicit examples of supersymmetric vacuua we will now
specialize to the case where M8 is a direct product S × S˜, with S, S˜ K3 surfaces. As a
consequence there is a further reduction from SU(4) to SU(2) × SU(2) holonomy.14 In
particular the covariantly constant spinor η of M8 decomposes as
η = ηS ⊗ ηS˜ , (3.39)
where ηS , ηS˜ are covariantly constant spinors of S, S˜ respectively. Equivalently, the equa-
tion above relates the SU(4) structure of M8 to the SU(2) structures of S, S˜, cf. (3.45)
below. For an introduction to K3 surfaces the reader may consult e.g. [50, 51] and refer-
ences therein.
The real cohomology of a compact K3 splits as
H2(K3,R) = H+(K3,R)⊕H−(K3,R) , (3.40)
where H+(K3,R), H−(K3,R) are generated by self-dual, anti-self-dual two-forms respec-
tively; their dimensions as real vector spaces are equal to three, nineteen respectively. Let
{ja, a = 1, 2, 3} and {lα, α = 1, . . . , 19} be corresponding bases. The Ka¨hler form and
holomorphic two-form j, ω of S can be expanded on the basis of H+(S,R) and similarly
for the Ka¨hler form and holomorphic two-form j˜, ω˜ of S˜. Explicitly we have:
j = ρaja ; ω = caja , (3.41)
with ρa ∈ R, ca ∈ C, a = 1, 2, 3. The volume element vol4 and the compatibility relation
between j, ω are given by:
vol4 =
1
2
j ∧ j = 1
4
ω ∧ ω∗ ; j ∧ ω = 0 , (3.42)
and similarly for S˜. We normalize:
?4j
a = ja ; ?4 l
α = −lα
1
2
ja ∧ jb = δabvol4 ; 1
2
lα ∧ lβ = −δαβvol4 ,
(3.43)
for a = 1, 2, 3, α = 1, . . . , 19, and similarly for j˜a, l˜α of S˜. The normalization above
together with (3.41) gives:
ρaca = 0 ; caca = 0 ; ρaρa = 1 ; cac∗a = 2 , (3.44)
and similarly for ρ˜a, c˜a. The Ka¨hler and holomorphic forms ofM8 J , Ω are given in terms
of the corresponding forms of S, S˜:
J = j + j˜ ; Ω = ω ∧ ω˜ . (3.45)
14In section 3.1 we imposed strict SU(4) holonomy in order to make contact with three-dimensional
supergravity. ForM8 of the form K3×K3 the four-flux may include an additional non-primitive (3,1) term
f
(2,0)
4 ∧ J . We will come back to this point at the end of the section.
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The normalization (3.42) then implies
1
4!
J4 =
1
16
Ω ∧ Ω∗ = vol4 ∧ v˜ol4 ; J ∧ Ω = 0 . (3.46)
As in [52], in order to examine the conditions for supersymmetry we start with the most
general expansion for the self-dual four-form flux G:
G = fabja ∧ j˜b + fαβlα ∧ l˜β + f(vol4 + v˜ol4) , (3.47)
with fab, fαβ, f ∈ R. The condition W = 0 in (3.38) is equivalent to
f + 2(ρaρ˜b − cac˜b)fab = 0 , (3.48)
which in particular implies cac˜bfab ∈ R. The condition ∂RαW = 0 is equivalent to
ρac˜bfab = caρ˜bfab = 0 , (3.49)
where we have taken into account that a basis of H3,1(S × S˜) is given by ω ∧ j˜, ω ∧ l˜α,
ω˜ ∧ j and ω˜ ∧ lα. Finally, the condition ∂AW = 0 gives
fab = (ρdρ˜efde)ρaρ˜b + fˆab , (3.50)
where fˆab satisfies ρafˆab = ρ˜bfˆab = 0. Putting together all the above, the most general
expression for G subject to the supersymmetry conditions can be written as follows:
G = Cj ∧ j˜ +ARe(ω ∧ ω˜) + Re(Bω∗ ∧ ω˜) + (4A− 2C)(vol4 + v˜ol4) + fαβlα ∧ l˜β , (3.51)
with A ∈ R, B ∈ C, fαβ ∈ R unconstrained. Note that the form of G above was derived
using the superpotential formalism, which automatically imposes the vanishing of f
(2,0)
4 ,
and is thus suitable for the case of strict SU(4) holonomy. ForM8 of the form K3×K3 one
can have an additional non-primitive (3,1) term (plus its complex conjugate) according to
(3.4), (3.5). The most general such term that can be added to G is thus of the form
(f
(2,0)
4 + f
(0,2)
4 ) ∧ J = αω ∧ j˜ + α∗ω˜ ∧ j + c.c. , (3.52)
with α ∈ C unconstrained.
Let us also mention that in the special case A = α = 0 the four-flux takes the form:
G = Cj ∧ j˜ + Re(Bω∗ ∧ ω˜)− 2C(vol4 + v˜ol4) + fαβlα ∧ l˜β . (3.53)
It can be checked that in this case G is of type (2,2) and satisfies G ∧ J = 0, so that we
recover the conditions of [1] and supersymmetry is enhanced to N = 2. Supersymmetry
enhancement will be further discussed in the following section.
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3.2.1 Supersymmetry enhancement
The SU(4) structure ofM8 is specified by a solution to the Killing spinor equations. Con-
versely, if multiple SU(4) structures exist for the same background, there will be more free
parameters in the expression for the Killing spinor. This leads to supersymmetry enhance-
ment. We will examine this more concretely for M8 = S × S˜ by looking at symmetries of
the four-flux and the metric.
For simplicity in the remainder of this section we will set to zero the non-primitive (3,1)
term (3.52). From the form of the four-flux it follows that the K3×K3 vacua (3.51) have
three-dimensional N = 1 supersymmetry for generic values of A, B. To see this, let us
note that the Ricci-flat metric on S (and similarly for S˜) is invariant under SO(3) rotations
of the triplet (j,Reω, Imω). These rotations can be thought of as induced by an SU(2)
action on the covariantly constant spinor ηS of S, under which the latter transforms as
a doublet. Since every positive-chirality spinor on S can be expanded on the basis of ηS
and its complex conjugate ηcS , it follows that we can express the SU(2) action on ηS as
an SU(2) action on the doublet ηi, i = 1, 2, where we have defined η1 ≡ ηS , η2 ≡ ηcS .
Explicitly, we define the triplet of real three forms:
~Jmn ≡ − i
2
~σij(η˜ciγmnηj) , (3.54)
where ~σ is a triplet of Pauli matrices, so that j = J3, Reω = J2, Imω = J1. Then one can
show that under infinitesimal SU(2) transformations of the spinors η1,2,
δηi =
i
2
δ~θ · ~σijηj , (3.55)
the forms Ja transform as a vector of SO(3):
δ ~J = −δ~θ × ~J . (3.56)
The transformations (3.55), (3.56) leave invariant the associated Ricci-flat metric of S. If
the four-form flux were also invariant there would be a potential enhancement of super-
symmetry. Indeed the invariance of the background under (3.56) would then mean that
there is a family of SU(4) structures (3.45) and hence a family of Killing spinors (3.9) cor-
responding to the same supergravity background (given by the metric and the four-flux),
thus enhancing the supersymmetry.
To examine how the four-flux transforms, note that the first term on the right-hand side
of (3.51) breaks (3.55) and the analogous SU(2) action on the doublet (ηS˜ , η
c
S˜
) to the
U(1)× U(1) subgroup which acts on (ω, ω˜) as
(ω, ω˜) −→ (eiθω, eiθ˜ω˜) . (3.57)
The last two terms on the right-hand side of (3.51) are also invariant under this U(1)×U(1).
The term containing ω∧ ω˜ is invariant under the U(1) subgroup given by θ˜ = −θ, while the
term containing ω∗ ∧ ω˜ is invariant under a different U(1) subgroup given by θ˜ = θ. The
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upshot is that for generic values of A, B the four-form flux G transforms non-trivially and
there is no enhancement of supersymmetry. As we have already mentioned, this conclusion
is no longer valid in the case A = 0. We also can see this directly as follows: The four-form
flux in this case takes the form (3.53), and is invariant under the U(1) given by
(ω, ω˜) −→ eiθ(ω, ω˜) . (3.58)
This transformation acts non-trivially on the SU(4) structure (3.45) and is induced by the
transformation η → eiθ/2η. Thus in this case the Killing spinor (3.9) takes the form:
 = e−
A
3 ζ ⊗ η + c.c. , (3.59)
with ζ an arbitrary complexified spinor of Spin(1, 2), and there is supersymmetry enhance-
ment to N = 2.
Note that although for B = 0 the four-form flux is invariant under (ω, ω˜)→ (eiθω, e−iθω˜),
this transformation acts trivially on the SU(4) structure (3.45) and the Killing spinor (3.9).
In this case there is no supersymmetry enhancement.
An example of enhanced N = 4 supersymmetry is obtained by setting A = C, B = 0.
Indeed in this case the four-flux takes the form:
G = Aj ∧ j˜ +ARe(ω ∧ ω˜) + 2A (vol4 + v˜ol4) + fαβlα ∧ l˜β , (3.60)
and is invariant under the SO(3) transformations given by jReω
Imω
 −→ Rnˆ(θ) ·
 jReω
Imω
 ;
 j˜Reω˜
Imω˜
 −→ Rnˆ′(θ) ·
 j˜Reω˜
Imω˜
 , (3.61)
where Rnˆ(θ) is an SO(3) rotation by an angle θ with respect to the axis given by the
unit vector nˆ; we have defined nˆ′ ≡ T · nˆ, where T = diag(1, 1,−1). As follows from the
discussion around (3.56), the transformation (3.61) is induced by the SU(2) transformation(
ηS
ηcS
)
−→ e− i2 θnˆ·~σ ·
(
ηS
ηcS
)
;
(
ηS˜
ηc
S˜
)
−→ e i2 θnˆ′·~σ ·
(
ηS˜
ηc
S˜
)
, (3.62)
which acts on the covariantly constant spinors ηS , ηS˜ of S, S˜. The corresponding transfor-
mation of (η + ηc) reads:
η + ηc −→ a ηS ⊗ ηS˜ + b ηS ⊗ ηcS˜ + c.c. , (3.63)
with a, b ∈ C parameterized by (nˆ, θ). Thus in this case the Killing spinor (3.9) takes the
form:
 = e−
A
3 (ζ1 ⊗ ηS ⊗ ηS˜ + ζ2 ⊗ ηS ⊗ ηcS˜ + c.c.) , (3.64)
with ζ1, ζ2 arbitrary complexified spinors of Spin(1, 2), so that supersymmetry is enhanced
to N = 4.
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3.2.2 K3×K3 examples
We will now give three explicit examples of K3×K3 vacua, with N = 1, 2, 4 supersymmetry
repsectively, satisfying the quantization conditions and the topological constraint. Several
K3×K3 vacua with N ≥ 2 were presented in [4].
The intersection form of S is given by
I = U ⊕ U ⊕ U ⊕ (−e8)⊕ (−e8) , (3.65)
where
U =
(
0 1
1 0
)
,
and e8 is the Cartan matrix of E8. Let Γ be the even self-dual lattice with (3,19) signature
and intersection form (3.65). By Poincare´ duality, H2(S,Z) ∼= H2(S,Z) ∼= Γ. Let us
enumerate the basis elements of Γ as follows: {e1,I , e2,I , ei}, I = 1, 2, 3, i = 7, . . . , 22, so
that,
e1,I ∧ e2,J = δIJv0 ; e1,I ∧ e1,J = e2,I ∧ e2,J = 0 ; ei ∧ ej = Iijv0 , (3.66)
where Iij is the matrix element of the intersection form (3.65); v0 ∈ H4(S,Z) is the unit
volume form of S, i.e. ∫
S
v0 = 1 . (3.67)
For later convenience let us also define
e±I ≡ e1,I ± e2,I , (3.68)
for I = 1, 2, 3. It follows that e±I has norm ±2 with respect to the intersection form (3.65),
in particular the e+I are spacelike. For a K3 surface we can choose the basis {C1,I , C2,I , Ci}
of the homology lattice H2(S,Z) to be dual to the basis of Γ ∼= H2(S,Z),∫
Ca,I
eb,J = δabδIJ ;
∫
Ci
ej = δij , (3.69)
for a, b = 1, 2; I, J = 1, 2, 3; i, j = 7, . . . , 22.
The three-plane Σ ≡ H+(S,R) of (3.40) viewed as a subspace of Γ ⊗ R ∼= H2(S,R) is
spanned by (j, ω) and is spacelike in the sense that for each vector w of Σ the norm of w
is positive with respect to the intersection form (3.65). Rotating Σ inside H2(S,R) corre-
sponds to changing the Ricci-flat metric on S, while rotating (j, ω) inside Σ corresponds
to changing the complex structure of S keeping the metric invariant. This is in accordance
with Yau’s theorem which guarantees the existence of a unique Ricci-flat metric given a
choice of complex structure and the cohomology class of the Ka¨hler form. The examples
of K3×K3 manifolds we will discuss later in this section are obtained by specifying within
H2(S,R) a triplet of mutually-orthogonal, real, spacelike vectors (j,Reω, Imω) thus fixing
the complex structure and the cohomology class of the Ka¨hler form of S (hence also fixing
the Ricci-flat metric), and similarly for S˜.
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To be more concrete, let us take the example of K3 surfaces with maximal Picard number,
ρ = 20,15 where ρ is defined as the rank of the Picard lattice Pic(S) = H2(S,Z)∩H1,1(S).
For S an algebraic K3 surface, it can be seen that Pic(S) has signature (1, ρ − 1). Let us
also define the transcendental lattice TS of S as the orthogonal complement of Pic(S) in
H2(S,Z); TS has signature (2, ρ− 20). We will use the following, see e.g. [54].
Lemma: If Λ ⊂ Γ is a primitive sublattice of Γ (i.e. such that the quotient Γ/Λ is a free
abelian group) of signature (1, ρ− 1) then there exists an algebraic K3 surface S such that
Pic(S) = Λ.
Consider the lattice Λ generated by the basis vectors {e1,1, e2,1, e−,2, e−,3, ei}, i=7,. . . 22,
where we use the same enumeration as below (3.65). Clearly Λ is a sublattice of Γ. Its
intersection form is given by(
−2 0
0 −2
)
⊕ U ⊕ (−e8)⊕ (−e8)
and so Λ has signature (1,19). Moreover it can easily be seen that Γ/Λ ∼= Z ⊕ Z. Hence
all the conditions of the lemma cited above are satisfied (for ρ = 20) and there exists an
algebraic K3 surface S with Pic(S) = Λ. The transcendental lattice TS is generated by
{e+2, e+3} and has signature (2,0).16 Since the K3 surface has maximal Picard number we
have the isomorphisms H2,0(S)⊕H0,2(S) ∼= TS⊗C and H1,1(S,R) ∼= Λ⊗R. The holomor-
phic two-form ω is then proportional to e+2 + ie+3 ∈ TS ⊗C, while the (cohomology class
of the) Ka¨hler form j defines a spacelike direction in Λ⊗R and may be taken proportional
to e+1. All three of our explicit examples in this section use this simple choice of j, ω.
More precisely, we take
j =
√
2pive+1 ; ω =
√
2piv(e+2 + ie+3)
j˜ =
√
2piv˜e˜+1 ; ω˜ =
√
2piv˜(e˜+2 + ie˜+3) ,
(3.70)
with v, v˜ ∈ R+, so that (3.42) and its analogue for S˜ are satisfied with∫
S
vol4 = 2piv ;
∫
S˜
v˜ol4 = 2piv˜ . (3.71)
• Example 1 with N = 1
We set C = 2A, B = 0, fαβ = 0 in (3.51) and we take:
C = ± 2√
vv˜
. (3.72)
To check the flux quantization condition (3.25) we note first that a basis of H4(S× S˜,Z) is
given by S, S˜ and all four-cycles of the form C2×C˜2, where C2 is a basis of H2(S,Z) and C˜2
15K3 surfaces with ρ = 20 are sometimes called ‘singular K3 surfaces’ in the mathematics literature [53],
although they are in fact smooth manifolds.
16Note that Pic(S) ⊕ TS is not in general equal to Γ. Indeed let L be a unimodular lattice and M a
primitive sublattice of L. Then M ⊕M⊥ = L if and only if M is unimodular [50]. In the case at hand, Λ
is not unimodular.
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is a basis of H2(S˜,Z). It can then be seen that (3.25) is satisfied, with the only non-zero
charges given by
1
2pi
∫
Ca,1×Cb,1
G = ±2 ; 1
2pi
∫
Ca,2×Cb,2
G = ±1 ; 1
2pi
∫
Ca,3×Cb,3
G = ∓1 , (3.73)
for a, b = 1, 2. The topological constraint (3.22) is satisfied for NM2 = 12, where we have
taken into account that χ(S × S˜) = 242.
• Example 2 with N = 2
We set A = 0, B = 0, fαβ = 0 in (3.51) and we take
C = ± 2√
vv˜
, (3.74)
so that the topological constraint (3.22) is satisfied without M2 branes, NM2 = 0. Moreover
it can be seen that (3.25) is satisfied, with the only non-zero charges given by
1
2pi
∫
Ca,1×Cb,1
G = ±2 ; 1
2pi
∫
S
G = ∓4
√
v
v˜
;
1
2pi
∫
S˜
G = ∓4
√
v˜
v
, (3.75)
for a, b = 1, 2. A solution to the charge quantization constraints is thus obtained by setting
v = 4nv˜ , (3.76)
for n = 0,±1,±2. This example possesses enhanced N = 2 supersymmetry since the
four-flux is of the form (3.53).
• Example 3 with N = 4
We set A = C, B = 0, fαβ = 0 in (3.51) and we take
C = ± 1√
vv˜
. (3.77)
It can then be seen that (3.25) is satisfied, with the only non-zero charges given by
1
2pi
∫
Ca,1×Cb,1
G = ±1 ; 1
2pi
∫
Ca,2×Cb,2
G = ±1 ; 1
2pi
∫
Ca,3×Cb,3
G = ∓1
1
2pi
∫
S
G =
1
2pi
∫
S˜
G = ±2 ,
(3.78)
for a, b = 1, 2. The topological constraint (3.22) is satisfied for NM2 = 14. This example
possesses enhanced N = 4 supersymmetry as it is a special case of the last example
discussed in section 3.2.1.
4 Conclusions
We have presented supersymmetric backgrounds with two real supercharges of M-theory
and type IIA supergravity (with non-zero Romans mass in general) on eight-dimensional
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manifolds with SU(4) structure, limiting our analysis to a strict SU(4) ansatz for the Killing
spinors. The present paper may be viewed as a continuation of [55] where we considered
N = (2, 0) IIB supergravity on eight-dimensional manifolds with strict SU(4) structure.
We hope to return to the generalization to dynamic SU(4) ansa¨tze in the future. Since
two-dimensional N = (2, 0) supersymmetry is incompatible with a strict SU(4) ansatz on
the IIA side, generalizing to dynamic SU(4) ansa¨tze is also necessary in order to be able
to use the conjecture of [55, 56], recently proved in [57], on the correspondence between
N = (2, 0) supersymmetry of type II supergravity on eight-dimensional manifolds and
generalized calibrations.
By taking the ‘internal’ manifold to be an appropriate non-compact Calabi-Yau fourfold,
our results could be used to construct novel explicit examples of backgrounds with two real
supercharges which can be thought of as higher-dimensional analogues of the Klebanov-
Strassler geometry, along the lines of [58, 59]. Such warped R1,d×M8, d = 1, 2, backgrounds
may admit an interpreation as gravity duals of certain (d + 1)-dimensional field theories.
We would like to return to this question in the future.
In the same way that the N = 1 Calabi-Yau flux vacua of section 3.1 may be understood
as spontaneous supersymmetry-breaking vacua of three-dimensional N = 2 gauged super-
gravity [24], it would be interesting to have a description of the Calabi-Yau limit of the
N = (1, 1) solutions presented in section 2.1 as partial supersymmetry-breaking vacua of
the two-dimensional N = (2, 2) supergravity theories obtained by Kaluza-Klein reduction
of IIA string theory on Calabi-Yau fourfolds [16, 17].
It appears that none of the explicit K3×K3 flux vacua presented in section 3.2.2 corresponds
to an F-theory vacuum with four-dimensional Poincare´ invariance, as follows from the form
of the four-flux in these examples. For the reasons already mentioned in the introduction, it
would be interesting to search for explicit examples of the N = 1 M-theory vacua presented
here that possess F-theory duals. These duals would presumably be non-supersymmetric as
four-dimensional vacua but should be related to supersymmetric three-dimensional vacua
upon circle compactification, along the lines of [60].
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A Spinor and gamma matrix conventions
For a spinor ψ in any dimension we define:
ψ˜ ≡ ψTrC−1 , (A.1)
where C is the charge conjugation matrix. In Lorentzian signatures, we also define
ψ ≡ ψ†Γ0 . (A.2)
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In all dimensions the Gamma matrices are taken to obey
(ΓM )† = Γ0ΓMΓ0 , (A.3)
where the Minkowski metric is mostly plus. Antisymmetric products of Gamma matrices
are defined by
Γ
(n)
M1...Mn
≡ Γ[M1 . . .ΓMn] . (A.4)
Two Lorentzian dimensions
The charge conjugation matrix in 1 + 1 dimensions satisfies
CTr = −C; (Cγµ)Tr = Cγµ; C∗ = −C−1 . (A.5)
The fundamental (one-dimensional, chiral) spinor representation is real. In this paper we
work with a complexified chiral spinor ζ (i.e. one complex degree of freedom). We define:
ζc ≡ γ0Cζ∗ . (A.6)
The chirality matrix is defined by
γ3 ≡ −γ0γ1 . (A.7)
The Hodge-dual of an antisymmetric product of gamma matrices is given by
? γ(n)γ3 = −(−1)
1
2
n(n+1)γ(2−n) . (A.8)
Eight Euclidean dimensions
The charge conjugation matrix in 8 dimensions satisfies
CTr = C; (Cγµ)Tr = Cγµ; C∗ = C−1 . (A.9)
The fundamental (eight-dimensional, chiral) spinor representation is real. In this paper
we work with a complexified chiral spinor η (i.e. eight complex degrees of freedom). We
define:
ηc ≡ Cη∗ . (A.10)
The chirality matrix is defined by
γ9 ≡ γ1 . . . γ8 . (A.11)
The Hodge-dual of an antisymmetric product of gamma matrices is given by
? γ(n)γ9 = (−)
1
2
n(n+1)γ(8−n) . (A.12)
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Ten Lorentzian dimensions
The charge conjugation matrix in 1 + 9 dimensions satisfies
CTr = −C; (CΓM )Tr = CΓM ; C∗ = −C−1 . (A.13)
The fundamental (16-dimensional, chiral) spinor representation  is real, where we define
the reality condition by
 = ˜ . (A.14)
The chirality matrix is defined by
Γ11 ≡ −Γ0 . . .Γ9 . (A.15)
We decompose the ten-dimensional Gamma matrices as{
Γµ = γµ ⊗ 1 , µ = 0, 1
Γm = γ3 ⊗ γm−1 , m = 2 . . . 9 .
It follows that
C10 = C2 ⊗ C8; Γ11 = γ3 ⊗ γ9 . (A.16)
The Hodge-dual of an antisymmetric product of gamma matrices is given by
? Γ(n)Γ11 = −(−1)
1
2
n(n+1)Γ(10−n) . (A.17)
B SU(4) structures
As we will now review a nowhere-vanishing complex, chiral, pure spinor η of unit norm in
eight euclidean dimensions defines an SU(4) structure. In eight euclidean dimensions not
every complex chiral spinor is pure: the property of purity is equivalent to the condition
η˜η = 0 . (B.1)
Let ηR, ηI be the real, imaginary part of η respectively. We will impose the normalization:
η =
1√
2
(ηR + iηI) ; η˜RηR = η˜IηI = 1 , (B.2)
so that η˜cη = 1, and (B.1) is equivalent to ηR, ηI being orthogonal to each other: η˜RηI =
η˜IηR = 0.
Let us define a real two-form J and a complex self-dual four-form Ω through the spinor
bilinears
iJmn = η˜cγmnη
Ωmnpq = η˜γmnpqη .
(B.3)
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It can then be shown by Fierzing that these forms obey:
J ∧ Ω = 0
1
16
Ω ∧ Ω∗ = 1
4!
J4 = vol8 ,
(B.4)
up to a choice of orientation, and hence define an SU(4) structure. The reduction of
the structure group can alternatively be seen from the fact that Spin(6) ∼= SU(4) is the
stabilizer inside Spin(8) of the pair of orthogonal Majorana-Weyl unit spinors ηR, ηI .
Raising one index of J with the metric defines an almost complex structure:
Jm
pJp
n = −δnm . (B.5)
Using the almost complex structure we can define the projectors
(Π±)mn ≡ 1
2
(δm
n ∓ iJmn) , (B.6)
with respect to which Ω is holomorphic
(Π+)m
iΩinpq = Ωmnpq ; (Π
−)miΩinpq = 0 . (B.7)
Further useful relations are given in appendix B.3.
In eight dimensions the Clifford algebra Cl(8) is equivalent to the set R[16] of real 16× 16
matrices. With complex coefficients the gamma matrices generate Cl(8)⊗C ∼= C[16]. Since
a complex Dirac spinor in eight dimensions can be thought of as a vector of C16 and C[16]
acts transitively on C16 − {0}, any complex Dirac spinor can be expressed as an element
of Cl(8), with complex coefficients, acting on the non-vanishing spinor η.
More explicitly, let ξ+, ξ− be arbitrary positive-, negative-chirality complexified spinors
respectively. Using equations (B.28), it follows from the previous paragraph that ξ± can
be expressed as:
ξ+ = ϕη + χη
c + ϕmnγ
mnηc
ξ− = λmγmη + χmγmηc ,
(B.8)
where ϕ, χ are complex scalars, ϕm, χm are complex (0,1)-, (1,0)-forms respectively and
ϕmn is a complex (2,0)-form. As a consistency check, we note that the arbitrary positive-
chirality spinor ξ+ is parametrized by eight complex degrees of freedom: two complex
d.o.f.s from the complex scalars ϕ, χ plus six complex d.o.f.s from the complex (2,0)-form
ϕmn. Similarly ξ− is parametrized by four plus four complex d.o.f.s coming from the (0,1)-,
(1,0)-forms ϕm, χm respectively.
B.1 Torsion classes
The intrinsic torsion τ (see e.g. [65] for a review) transforms in the Λ1(M8)⊗su(4)⊥, where
su(4)⊥ is the complement of the adjoint of su(4) inside the adjoint of so(8). It follows that
τ ∈ (4⊕ 4¯)⊗ (1⊕ 6⊕ 6)
∼ (4⊕ 4¯)⊕ (20⊕ 2¯0)⊕ (20⊕ 2¯0)⊕ (4⊕ 4¯)⊕ (4⊕ 4¯) ,
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in a decomposition in terms of irreps of su(4). We then decompose τ in five torsion classes
W1, . . . ,W5, according to the second line on the right-hand side above. These torsion
classes are the obstructions to the closure of the forms J , Ω. Explicitly we will choose the
following parameterization:17
dJ = W1yΩ∗ +W3 +W4 ∧ J + c.c.
dΩ =
8i
3
W1 ∧ J ∧ J +W2 ∧ J +W ∗5 ∧ Ω ,
(B.9)
where W1, W4, W5 ∼ 4 are complex (1,0)-forms and W2, W3 ∼ 20 are complex traceless
(2,1)-forms.
Equivalently, the torsion classes are the obstructions to the spinor η being covariantly
constant with respect to the Levi-Civita connection. Explicitly we have:
∇mη =
(
3
4
W4m − 1
2
W5m − c.c.
)
η +
i
24
Ω∗mnklW
n
1 γ
klη
+
(
− i
16
W2mkl − 1
32
ΩmnklW
n∗
4 +
i
64
W ∗3mnpΩ
np
kl
)
γklηc .
(B.10)
This can be seen as follows. From the discussion around (B.8) and the fact that ∇mη
transforms in the 8⊗ 8+ of so(8), we can expand
∇mη = ϕmη + ϑmηc + Ψm,pqΩpqrsγrsηc , (B.11)
for some complex coefficients ϕm, ϑm ∼ 4 ⊕ 4¯, Ψm,pq ∼ (4 ⊕ 4¯) ⊗ 6. Furthermore we
decompose:
Ψm,pq = Ω
∗
mpqrA
r + Ω∗ rspq ϕ˜rsm + (Π
+)m[pB
∗
q] + (Π
+) nm ψ
∗
npq (B.12)
where A,B ∼ 4 are complex (1,0)-forms and ϕ˜, ψ ∼ 20 are complex traceless (2,1)-forms.
Multiplying (B.11) on the left with η˜cγij and η˜γijk, antisymmetrizing in all indices in order
to form dJ and dΩ respectively as spinor bilinears and comparing with (B.9) then leads to
(B.10).
As can be seen from (B.9), the obstruction to having an integrable almost complex structure
is given by W1, W2. Conversely, if W1, W2 vanish one can use (B.10) to show that the
Nijenhuis tensor vanishes and thus the almost complex structure is integrable.
17We define the contraction between a p-form ϕ and a q-form χ, p ≤ q, by
ϕyχ = 1
p!(q − p)!ϕ
m1...mpχm1...mpn1...nq−pdx
n1 ∧ · · · ∧ dxnq−p .
Once the normalization of the W1 term on the right-hand side of the first equation in (B.9) is fixed, the W1
term on the right-hand side of the second equation can be determined as follows: Starting from d(J∧Ω) = 0
we substitute for dJ , dΩ using (B.9), taking (B.26), (B.27) into account and noting that W2 ∧ J ∧ J = 0
since W2 is primitive.
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B.2 Tensor decomposition
Under an so(8)→ su(4) decomposition the two-form, the three-form, the self-dual and the
anti-self-dual four-form of so(8) decompose respectively as:
28→ (6⊕ 6)⊕ (1⊕ 15)
56→ (4⊕ 4¯)⊕ (4⊕ 20)⊕ (4¯⊕ 2¯0)
35+ → (1⊕ 1)⊕ (6⊕ 6)⊕ 20′ ⊕ 1
35− → (10⊕ 1¯0)⊕ 15 .
Explicitly we decompose the RR tensors as follows.
• Real two-form
Fmn = f
(1,1)
2|mn + f2Jmn +
(
f
(2,0)
2|mn + c.c.
)
, (B.13)
where f
(1,1)
2|mn ∼ 15 is a real traceless (1,1)-form, f2 ∼ 1 is a real scalar, f
(2,0)
2|mn ∼ 6 ⊕ 6
is a complex (2,0)-form. Note that given a complex (2,0)-form ϕ(2,0) transforming in the
reducible module 6 ⊕ 6, one may form irreducible representations thereof by imposing a
pseudoreality condition:
ϕ(2,0)mn =
1
8
eiθΩmn
pqϕ(0,2)mn , (B.14)
where θ ∈ S1 is an arbitrary phase.
• Real three-form
Fmnp = f
(2,1)
3|mnp + 3f
(1,0)
3|[m Jnp] + f˜
(1,0)
3|s Ω
s∗
mnp + c.c. , (B.15)
where f
(2,1)
3|mnp ∼ 20 is a complex traceless (2,1)-form, f
(1,0)
3|m , f˜
(1,0)
3|m ∼ 4 are complex (1,0)-
forms.
• Real self-dual four-form
F+mnpq = f
(2,2)
4|mnpq + 6f4J[mnJpq] +
(
6f
(2,0)
4|[mnJpq] + f˜4Ωmnps + c.c.
)
, (B.16)
where f
(2,2)
4|mnpq ∼ 20′ is a real traceless (2,2)-form, f4 ∼ 1 is a real scalar, f
(2,0)
4|mn ∼ 6 + 6 is
a complex (2,0)-form, f˜4 ∼ (1⊕ 1) is a complex scalar.
• Real anti self-dual four-form
F−mnpq = 6f
(1,1)
4|[mnJpq] +
(
f
(3,1)
4|mnpq + c.c.
)
, (B.17)
where f
(1,1)
4|mn ∼ 15 is a real traceless (1,1)-form, f
(3,1)
4|mnpq ∼ 1¯0 is a complex traceless (3,1)-
form. The following identity can easily be shown:
Ω∗[s
mnpf
(3,1)
4|q]mnp = 0 . (B.18)
For the RR-forms Fp with p > 4 we expand the Hodge duals ?8Fp as above. For the real
six-form:
(?8F6)mn = f
(1,1)
6|mn + f6Jmn +
(
f
(2,0)
6|mn + c.c.
)
, (B.19)
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and similarly for the eight-form,
?8 F8 = f8 . (B.20)
For the NSNS three-form H we decompose similarly:
H = e2Avol2 ∧ h1 + h3 , (B.21)
where as before vol2 is the unwarped volume element of R1,1; h1, h3 are real one-, three-
forms on M8 respectively. These further decompose to irreducible su(4)-modules:
h1|m = h
(1,0)
1|m + c.c. , (B.22)
with h
(1,0)
1|m ∼ 4 a complex (1,0)-form, and
h3|mnp = h
(2,1)
3|mnp + 3h
(1,0)
3|[mJnp] + h˜
(1,0)
3|s Ω
s∗
mnp + c.c. , (B.23)
where h
(2,1)
3|mnp ∼ 20 is a complex traceless (2,1)-form, h
(1,0)
3|m , h˜
(1,0)
3|m ∼ 4 are complex (1,0)-
forms.
B.3 Useful formulæ
The following useful identities can be proved by Fierzing [62]:
1
4!× 24 ΩrstuΩ
∗rstu = 1
1
6× 24 ΩirstΩ
∗mrst = (Π+)im
1
4× 24 ΩijrsΩ
∗mnrs = (Π+)[im(Π+)j]n
1
6× 24 ΩijkrΩ
∗mnpr = (Π+)[im(Π+)jn(Π+)k]p
1
4!× 24 ΩijklΩ
∗mnpq = (Π+)[im(Π+)jn(Π+)kp(Π+)l]q ,
(B.24)
Moreover, we have
η˜cη = 1; η˜η = 0
η˜cγmnη = iJmn; η˜γmnη = 0
η˜cγmnpqη = −3J[mnJpq]; η˜γmnpqη = Ωmnpq
η˜cγmnpqrsη = −15iJ[mnJpqJrs]; η˜γmnpqrsη = 0
η˜cγmnpqrstuη = 105J[mnJpqJrsJtu]; η˜γmnpqrstuη = 0 ,
(B.25)
where we have made use of the identities
√
g εmnpqrstuJ
rsJ tu = 24J[mnJpq]√
g εmnpqrstuJ
tu = 30J[mnJpqJrs]√
g εmnpqrstu = 105J[mnJpqJrsJtu] .
(B.26)
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Note that the bilinears η˜γ(p)η, η˜cγ(p)η, vanish for p odd. The last line of equation (B.24)
together with the last line of the equation above imply
Ω[ijklΩ
∗
mnpq] =
8
35
√
g εijklmnpq . (B.27)
Finally, the following relations are useful in the analysis of the Killing spinor equations:
γmη = (Π
+)m
nγnη
γmnη = iJmnη − 1
8
Ωmnpqγ
pqηc
γmnpη = 3iJ[mnγp]η −
1
2
Ωmnpqγ
qηc
γmnpqη = −3J[mnJpq]η −
3i
4
J[mnΩpq]ijγ
ijηc + Ωmnpqη
c .
(B.28)
The action of γm1...mp , p ≥ 5, on η can be related to the above formulæ, using the Hodge
properties of gamma matrices given in appendix A.
Formulæ needed for the dilatino equations
In order to solve the dilatino equations, we make use of the following:
F0η = f0η
F2η = 4if2η − 1
16
f
(0,2)
2|mnΩ
mnpqγpqη
c
F4η = −12f4η + 16f˜∗4 ηc −
i
8
f
(0,2)
4|mnΩ
mnpqγpqη
c ,
(B.29)
and similarly for the p-forms Fp with p > 4. Moreover
h1η = h
(0,1)
1|m γ
mη
h3η = 3ih
(0,1)
3|m γ
mη + 8h˜
(1,0)
3|m γmη
c .
(B.30)
Formulæ needed for the internal gravitino equations
For the gravitino equations with M = m, we require
h3|mη = 3i(h
(1,0)
3|m + h
(0,1)
3|m )η −
(
i
8
h
(0,1)
3|n Ω
nrs
m +
1
16
h
(1,2)
3|mpqΩ
pqrs
)
γrsη
c − 1
2
h˜
(1,0)
3|n Ω
∗ npq
m γpqη
(B.31)
and
F0γmη = f0γmη
F 2γmη =
(
2if2γm − 2f (1,1)2|mnγn
)
η − 1
4
f
(0,2)
2|np γqΩ
npq
m η
c
F 4γmη = −4if (1,1)4|mnγnη +
1
6
f
(1,3)
4|mnpqγrΩ
npqrηc ,
(B.32)
and similarly for the p-forms Fp with p > 4.
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C N = (2, 2)
We now consider the case where we have (2, 2) supersymmetry. This means that we consider
two Majorana-Weyl spinors ζ1+, ζ2+ and take as our Killing spinor ansatz
18
1 =
α√
2
ζ1+ ⊗ (η + ηc) + β√
2
ζ2+ ⊗
(
eiθ2η + e−iθ2ηc
)
2 =
γ√
2
ζ1− ⊗
(
eiθη + e−iθηc
)
+
δ√
2
ζ2− ⊗
(
eiθ3η + e−iθ3ηc
)
,
(C.1)
with a, β, γ, δ, θ, θ2, θ3 real functions onM8. Inserting (C.1) into the supersymmetry equa-
tions leads to
W = 0
2dA+ h1 = 0(
2dφ+ h1 + h3
)
(η + ηc) = 0(
2dφ+ h1 + h3
)
(eiθ2η + e−iθ2ηc) = 0(
2dφ+ h1 − h3
)
(eiθη + e−iθηc) = 0(
2dφ+ h1 − h3
)
(eiθ3η + e−iθ3ηc) = 0(
∇m + ∂m logα+ 1
4
h1|m +
1
4
h3|m
)
(η + ηc) = 0(
∇m + ∂m log β + 1
4
h1|m +
1
4
h3|m
)
(eiθ2η + e−iθ2ηc) = 0(
∇m + ∂m log γ + 1
4
h1|m −
1
4
h3|m
)
(eiθη + e−iθηc) = 0(
∇m + ∂m log δ + 1
4
h1|m −
1
4
h3|m
)
(eiθ3η + e−iθ3ηc) = 0 ,
(C.2)
and
σ(F )(η + ηc) = 0
σ(F )(eiθ2η + e−iθ2ηc) = 0
σ(F )γm(η + η
c) = 0
σ(F )γm(e
iθ2η + e−iθ2ηc) = 0
F (eiθη + e−iθηc) = 0
F (eiθ3η + e−iθ3ηc) = 0
Fγm(e
iθη + e−iθηc) = 0
Fγm(e
iθ3η + e−iθ3ηc) = 0 .
(C.3)
18This parameterization of the Killing spinor ansatz is slightly redundant. We have used it for the purpose
of facilitating the comparison with the N = (1, 1) case.
– 34 –
Setting eθ = ±eθ3 , e2iθ2 = 1 one recovers the N = (1, 1) ansatz of section 2.1. For θ 6= θ3
or e2iθ2 6= 1 we find that the RR sector is given by
f8 = f0 = 6f4
f6 = f2 = 0
f˜4 = 0
f
(2,0)
2|mn = f
(2,0)
6|mn = f
(2,0)
4|mn = 0
f
(1,1)
4|mn = 0
f
(1,1)
6|mn = −f
(1,1)
2|mn
f
(3,1)
4|mn = 0 ,
(C.4)
leaving f0 and f
(1,1)
2|mn as free parameters. The NSNS sector is given by
W = 0
W1 = W2 = W3 = W4 = W5 = 0
α = e
1
2
A
β = C1e
1
2
A
γ = C2e
1
2
A
δ = C3e
1
2
A
h3 = 0
dφ = dA = −1
2
h1
dθ = dθ2 = dθ3 = 0 ,
(C.5)
where Ci, i=1,2,3, are real constants.
D N = (1, 0)
The N = (1, 0) case is solved analogously to the N = (1, 1) case. Our Killing spinor ansatz
in this case is given by
1 =
α√
2
ζ+ ⊗ (η + ηc) , 2 = 0 . (D.1)
The resulting equations are:
W = 0
2dA+ h1 = 0(
2dφ+ h1 + h3
)
(η + ηc) = 0(
∇m + ∂m logα+ 1
4
h1|m +
1
4
h3|m
)
(η + ηc) = 0 ,
(D.2)
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and
σ(F ) (η + ηc) = 0
σ(F )γm (η + η
c) = 0
.
(D.3)
Again, the RR and NSNS equations decouple and M2 reduces to Minkowski space. The
solutions of the system (D.2), (D.3) are given by
W = 0
α = e
1
2
A
h1 = −2dA
h˜
(1,0)
3|m =
1
4
∂+m (A− φ)−
3
8
ih
(1,0)
3|m
W1 = −3
8
h
(1,0)
3|m −
1
2
iW5 − 3
4
i∂+m (A− φ)
W2 = 2W3 − 2ih(2,1)3
W4 =
2
3
W5 − ih(1,0)3 ,
(D.4)
with A, φ, h
(1,0)
3 , h
(2,1)
3 , W5 unconstrained, and
f8 = f0
f6 = −f2
f˜4 =
3
4
f0 − 1
8
f4 +
i
2
f2
f
(2,0)
2|mn = −f
(2,0)
6|mn(
f
(2,0)
2|mn −
1
8
Ω pqmn f
(0,2)
2|pq
)
= −i
(
f
(2,0)
4|mn +
1
8
Ω pqmn f
(0,2)
4|pq
)
f
(1,1)
4|mn = 0
f
(1,1)
6|mn = −f
(1,1)
2|mn
f
(3,1)
4|mn = 0 ,
(D.5)
with f0, f2, f4, f
(1,1)
2|mn unconstrained.
E Eleven-dimensional uplift of IIA
We here briefly review the eleven-dimensional uplift of (massless) IIA supergravity. For
the purposes of this appendix we switch to the standard (i.e. non-democratic) formulation
of IIA. The starting point is the eleven-dimensional action,
S =
∫
d11x
√−g11
(
R11 − 1
48
G2
)− 1
6
∫
A3 ∧G ∧G , (E.1)
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where R11 is the scalar curvature of the eleven-dimensional metric g11 and
G = dA3 . (E.2)
Assuming the geometry has a U(1) isometry, we can put the metric in the form:
ds211 = e
− 1
6
φds210 + e
4
3
φ(C1 + dz)
2 , (E.3)
where φ, C1, A3 and the metric in ds
2
10 are all assumed independent of the coordinate z.
We also reduce the 3-form potential,
A3 = C3 +B ∧ dz . (E.4)
The eleven-dimensional Lagrangian then reduces to the type IIA theory in the Einstein
frame:
L = R10 − 1
2
(∂φ)2 − 1
4
e
3
2
φF 22 −
1
12
e−φH2 − 1
48
e
1
2
φF 24 + C.S. , (E.5)
where R10 is the scalar curvature of the ten-dimensional metric in ds
2
10 and
F4 = dC3 −H ∧ C1; H = dB; F2 = dC1 , (E.6)
so that
G = F4 +H ∧ (dz + C1) . (E.7)
Let us also note that the ten-dimensional Einstein metric is related to the string metric
through
ds2E = e
− 1
2
φds2str . (E.8)
References
[1] K. Becker and M. Becker, M-theory on eight manifolds, Nucl.Phys. B477 (1996) 155–167,
[hep-th/9605053].
[2] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four-folds, Nucl. Phys. B 584
(2000) 69 [Erratum-ibid. B 608 (2001) 477] [hep-th/9906070].
[3] S. Gukov, Solitons, superpotentials and calibrations, Nucl. Phys. B 574 (2000) 169
[hep-th/9911011].
[4] K. Dasgupta, G. Rajesh and S. Sethi, M theory, orientifolds and G-flux, JHEP 9908 (1999)
023 [hep-th/9908088].
[5] C. Vafa, Evidence for F-theory, Nucl. Phys. B 469 (1996) 403 [hep-th/9602022].
[6] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys.
Rev. Lett. 83 (1999) 3370 [hep-ph/9905221].
[7] C. S. Chan, P. L. Paul and H. L. Verlinde, A note on warped string compactification, Nucl.
Phys. B 581 (2000) 156 [hep-th/0003236].
[8] I. R. Klebanov and M. J. Strassler, Supergravity and a confining gauge theory: Duality
cascades and chi SB resolution of naked singularities, JHEP 0008 (2000) 052
[hep-th/0007191].
– 37 –
[9] S. S. Gubser, Supersymmetry and F-theory realization of the deformed conifold with
three-form flux, [hep-th/0010010].
[10] S. B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluxes in string
compactifications, Phys. Rev. D 66 (2002) 106006 [hep-th/0105097].
[11] F. Denef, Les Houches Lectures on Constructing String Vacua, [0803.1194].
[12] F. Bonetti, T. W. Grimm and T. G. Pugh, Non-Supersymmetric F-Theory Compactifications
on Spin(7) Manifolds, [1307.5858].
[13] K. Becker and M. Becker, Supersymmetry breaking, M-theory and fluxes, JHEP 0107 (2001)
038 [hep-th/0107044 ].
[14] M. Haack and J. Louis, M-theory compactified on Calabi-Yau fourfolds with background flux,
Phys. Lett. B 507 (2001) 296 [hep-th/0103068 ].
[15] M. Becker, D. Constantin, S. J. Gates, Jr., W. D. Linch, III, W. Merrell and J. Phillips,
M-theory on Spin(7) manifolds, fluxes and 3D, N=1 supergravity, Nucl. Phys. B 683 (2004)
67 [hep-th/0312040].
[16] S. J. Gates, Jr., S. Gukov and E. Witten, Two two-dimensional supergravity theories from
Calabi-Yau four folds, Nucl. Phys. B 584 (2000) 109 [hep-th/0005120].
[17] S. Gukov and M. Haack, IIA string theory on Calabi-Yau fourfolds with background fluxes,
Nucl. Phys. B 639 (2002) 95 [hep-th/0203267].
[18] D. Martelli and J. Sparks, G-structures, fluxes and calibrations in M-theory, Phys.Rev. D68
(2003) 085014, [hep-th/0306225].
[19] K. Becker, A Note on compactifications on Spin(7)-holonomy manifolds, JHEP 0105 (2001)
003 [hep-th/0011114 ].
[20] S. Gukov and J. Sparks, M theory on spin(7) manifolds. 1, Nucl. Phys. B 625 (2002) 3
[hep-th/0109025].
[21] B. S. Acharya, X. de la Ossa and S. Gukov, G-flux, supersymmetry and Spin(7) manifolds,
JHEP 0209 (2002) 047 [hep-th/0201227 ].
[22] D. Tsimpis, M-theory on eight-manifolds revisited: N=1 supersymmetry and generalized
Spin(7) structures, JHEP 0604 (2006) 027, [hep-th/0511047].
[23] E. -M. Babalic and C. -I. Lazaroiu, Revisiting eight-manifold flux compactifications of
M-theory using geometric algebra techniques, [1301.5106]; C. I. Lazaroiu and E. -M. Babalic,
Geometric algebra and M-theory compactifications, [1301.5094].
[24] M. Berg, M. Haack and H. Samtleben, Calabi-Yau fourfolds with flux and supersymmetry
breaking, JHEP 0304 (2003) 046 [hep-th/0212255 ].
[25] M. Becker and D. Constantin, A Note on flux induced superpotentials in string theory, JHEP
0308 (2003) 015 [hep-th/0210131].
[26] D. Lu¨st, F. Marchesano, L. Martucci, and D. Tsimpis, Generalized non-supersymmetric flux
vacua, JHEP 0811 (2008) 021, [0807.4540].
[27] A. Gray and P. Green, Pacific J. Math. 34 (1970) 83.
[28] C. J. Isham, C. N. Pope and N. P. Warner, “Nowhere vanishing spinors and triality rotations
in eight manifolds,” Class. Quant. Grav. 5 (1988) 1297; C. J. Isham and C. N. Pope,
– 38 –
“Nowhere vanishing spinors and topological obstructions to the equivalence of the NSR and
GS superstrings,” Class. Quant. Grav. 5 (1988) 257.
[29] T. Eguchi, P. B. Gilkey and A. J. Hanson, Gravitation, Gauge Theories and Differential
Geometry, Phys. Rept. 66 (1980) 213.
[30] D. Lu¨st and D. Tsimpis, Supersymmetric AdS(4) compactifications of IIA supergravity,
JHEP 0502 (2005) 027, [hep-th/0412250].
[31] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, Systematics of IIB spinorial
geometry, Class.Quant.Grav. 23 (2006) 1617 [hep-th/0507087].
[32] J. P. Gauntlett, D. Martelli, J. Sparks, and D. Waldram, Supersymmetric AdS(5) solutions
of type IIB supergravity, Class.Quant.Grav. 23 (2006) 4693–4718, [hep-th/0510125].
[33] P. Koerber and D. Tsimpis, Supersymmetric sources, integrability and generalized-structure
compactifications, JHEP 0708 (2007) 082, [0706.1244].
[34] A. Klemm, B. Lian, S. S. Roan and S. -T. Yau, Calabi-Yau fourfolds for M- and F-theory
compactifications, Nucl. Phys. B 518, 515 (1998) [hep-th/9701023].
[35] J. P. Gauntlett and S. Pakis, “The geometry of D = 11 Killing spinors,” JHEP 0304 (2003)
039, [hep-th/0212008]; I. A. Bandos, J. A. de Azcarraga, J. M. Izquierdo, M. Picon and
O. Varela, “On BPS preons, generalized holonomies and D = 11 supergravities,” Phys. Rev.
D 69 (2004) 105010, [hep-th/0312266]; I. A. Bandos, J. A. de Azcarraga, M. Picon and
O. Varela, “Generalized curvature and the equations of D = 11 supergravity,” Phys. Lett. B
615 (2005) 127, [hep-th/0501007]; J. Bellorin and T. Ortin, “A note on simple applications
of the Killing spinor identities,” Phys. Lett. B 616 (2005) 118, [hep-th/0501246].
[36] J. M. Maldacena and C. Nunez, Supergravity description of field theories on curved manifolds
and a no go theorem, Int. J. Mod. Phys. A 16 (2001) 822 [hep-th/0007018].
[37] M. J. Duff, J. T. Liu and R. Minasian, Eleven-dimensional origin of string-string duality: A
One loop test, Nucl. Phys. B 452 (1995) 261 [hep-th/9506126].
[38] K. Dasgupta and S. Mukhi, A Note on low dimensional string compactifications, Phys. Lett.
B 398 (1997) 285 [hep-th/9612188].
[39] S. Sethi, C. Vafa and E. Witten, Constraints on low dimensional string compactifications,
Nucl. Phys. B 480 (1996) 213 [hep-th/9606122]. .
[40] K. Peeters, P. Vanhove and A. Westerberg, Supersymmetric higher derivative actions in
ten-dimensions and eleven-dimensions, the associated superalgebras and their formulation in
superspace, Class. Quant. Grav. 18 (2001) 843 [hep-th/0010167].
[41] P. S. Howe and D. Tsimpis, On higher order corrections in M theory, JHEP 0309 (2003) 038
[hep-th/0305129].
[42] M. Cederwall, U. Gran, B. E. W. Nilsson and D. Tsimpis, Supersymmetric corrections to
eleven-dimensional supergravity, JHEP 0505 (2005) 052 [hep-th/0409107].
[43] K. Peeters, P. Vanhove and A. Westerberg, Towards complete string effective actions beyond
leading order, Fortsch. Phys. 52 (2004) 630 [hep-th/0312211].
[44] L. Witten and E. Witten, Large Radius Expansion Of Superstring Compactifications, Nucl.
Phys. B 281 (1987) 109.
[45] E. Witten, On flux quantization in M-theory and the effective action, J. Geom. Phys. 22
(1997) 1 [hep-th/9609122].
– 39 –
[46] B. de Wit, I. Herger and H. Samtleben, Gauged locally supersymmetric D = 3 nonlinear
sigma models, Nucl. Phys. B 671 (2003) 175 [hep-th/0307006 ].
[47] B. de Wit, H. Nicolai and H. Samtleben, Gauged supergravities in three-dimensions: A
Panoramic overview, [hep-th/0403014 ].
[48] A. -K. Kashani-Poor, R. Minasian and H. Triendl, Enhanced supersymmetry from vanishing
Euler number, JHEP 1304 (2013) 058 [arXiv:1301.5031 [hep-th]].
[49] M. Haack, Calabi-Yau fourfold compactifications in string theory, Fortsch. Phys. 50 (2002) 3.
[50] W. Barth, K. Hulek, C.A.M. Peters, A. Van De Ven, Compact Complex Surfaces,
Springer-Verlag, 2004.
[51] P. S. Aspinwall, K3 surfaces and string duality, In *Yau, S.T. (ed.): Differential geometry
inspired by string theory* 1-95 [hep-th/9611137].
[52] I. Bena, H. Triendl and B. Vercnocke, Black Holes and Fourfolds, JHEP 1208 (2012) 124
[1206.2349].
[53] T. Shioda, H. Inose, On singular K3 surfaces, Complex Analysis and Algebraic Geometry: A
Collection of Papers Dedicated to K. Kodaira, Cambridge University Press, 1977.
[54] D.R. Morrison, On K3 surfaces with large Picard number, Invent.Math. 75 (1984) 105.
[55] D. Prins and D. Tsimpis, IIB supergravity on manifolds with SU(4) structure and generalized
geometry, JHEP 07 (2013) 180 [1306.2543].
[56] D. Lu¨st, P. Patalong and D. Tsimpis, Generalized geometry, calibrations and supersymmetry
in diverse dimensions, JHEP 1101 (2011) 063 [1010.5789].
[57] D. Rosa, Generalized geometry of two-dimensional vacua, [1310.6357].
[58] M. Cvetic, G. W. Gibbons, H. Lu and C. N. Pope, Ricci flat metrics, harmonic forms and
brane resolutions, Commun. Math. Phys. 232 (2003) 457 [hep-th/0012011].
[59] I. R. Klebanov and S. S. Pufu, M-Branes and Metastable States, JHEP 1108 (2011) 035
[arXiv:1006.3587 [hep-th]].
[60] E. Witten, Strong coupling and the cosmological constant, Mod. Phys. Lett. A 10 (1995)
2153 [hep-th/9506101].
[61] D. D. Joyce, Riemannian Holonomy Groups and Calibrated Geometry, Oxford university
press, 2006.
[62] D. Tsimpis, Fivebrane instantons and Calabi-Yau fourfolds with flux, JHEP 0703 (2007)
099 [hep-th/0701287].
[63] J. McOrist, D. R. Morrison, and S. Sethi, Geometries, Non-Geometries, and Fluxes,
1004.5447.
[64] M. Haack and J. Louis, M-theory compactified on Calabi-Yau fourfolds with background flux,
Phys. Lett. B 507 (2001) 296 [hep-th/0103068].
[65] J. P. Gauntlett, D. Martelli, and D. Waldram, Superstrings with intrinsic torsion, Phys.Rev.
D69 (2004) 086002, [hep-th/0302158].
– 40 –
